For nonpolymeric supercooled liquids, the empirical correlation m =56T g ⌬C p ͑T g ͒ / ⌬H m provides a reliable means of correlating dynamic and thermodynamic variables. The dynamics are characterized by the fragility or steepness index m and the glass transition temperature T g , while thermodynamics enter in terms of the heat capacity step ⌬C p at T g and the melting enthalpy ⌬H m . The combination of the above correlation with the 2 / 3 rule for the T g / T m ratio yields an expression, m =40⌬C p ͑T g ͒ / ⌬S m , which was rationalized as the correlation of the thermodynamic and kinetic fragilities. Defining a thermodynamic fragility via ⌬C p ͑T g ͒ / ⌬S m also reveals that the slopes in Kauzmann's original ⌬S͑T͒ / ⌬S m versus T / T m plot reflect the fragility concept ͓Chem. Rev. 43, 219 ͑1948͔͒, so long as T m / T g = 1.5. For the many liquids whose excess heat capacity is a hyperbolic function of temperature, we deduce that the fragility cannot exceed m = 170, unless the T g / T m =2/3 rule breaks down.
I. INTRODUCTION
There has been considerable progress in recent years in understanding both the glass transition phenomenon and the structural relaxation dynamics of supercooled liquids. The concept of fragility categorizes a wide range of liquids in terms of three correlated quantities: the temperature dependence of the average relaxation time ͗͑͘T͒, the deviation from exponential decay in the linear response to perturbations from the equilibrium state, and the nonlinearity of that response to thermodynamic perturbations.
1-4 These correlations have motivated many efforts to explore the origin of the strong-fragile pattern.
5- 8 The most widely used metric for quantifying fragility is the steepness index m,
equivalent to the slope in a fragility plot, log 10 ͗͘ vs T g / T, evaluated at T = T g . The m fragility is often, but not always, correlated with an alternative metric, F 1/2 =2͑T g / T 1/2 − 0.5͒, determined at a relaxation time intermediate ͑on a log scale͒ between the value of 10 2 s at T g and the high-temperature limit of 10 −14 s. 9 The differences that are found will be of relevance to our findings reported herein; the former is sensitive to any imminent transition ͑liquid-liquid or ring-chain, for instance͒, while the latter, F 1/2 , is not.
It has been proposed, controversially, that fragility reflects nontrivial thermodynamic properties. Accordingly, different approaches to dynamic and thermodynamic measures of fragility have been explored and compared. 5, 7, 10, 11 The initial attempt 1 to relate the thermodynamic aspect to the jump in heat capacity at T g is clearly incorrect, 10, 12 even when scaled to take account of the number of rearrangeable units per mole of glass former. Alternatives, in which entropy at T g is made the basis of scaling the increase in entropy at higher temperatures, 5 are much more successful, but they require more data to implement, and the data are often not available.
A significant simplification was introduced by Wang and Angell, 13 who used only readily available data to produce a correlation as convincing as any others. They correlated the fragility m with a dimensionless combination of the heat capacity step ⌬C p measured at the glass transition temperature
͑T g ͔͒ and the melting enthalpy ⌬H m . The suggested relation reads
which has subsequently been derived from the random firstorder transition ͑RFOT͒ theory, 14, 15 albeit with a factor of 52 instead of 56. 16, 17 In this paper, we will add additional cases of this correlation, provide a detailed description of the development of the equation, and derive an interesting consequence. We will show that Eq. ͑2͒ relates straightforwardly to the slopes of the original Kauzmann plots, assessed at T g rather than at the melting points.
II. MODEL AND RESULTS
Figure 1 represents an updated graph of how the dynamic fragility m correlates with the thermodynamic properties for more than 50 nonpolymeric glass-forming liquids. Table I compiles the data and sources on which Fig. 1 is based. All the data for a given liquid are determined after a careful comparison within various relevant studies. Compared with the previous version of this plot, 13 more data points have been provided and values have been updated where improved results became available.
The form of Eq. ͑2͒ has been initiated by a previous work, 12 where a calorimetric determination of the fragility index uses the relaxation enthalpy difference ⌬H = H − H s for glasses at fictive temperatures T f and T f s obtained at two different cooling rates, Q and Q s , respectively. The reference fictive temperature T f s is the same, within 0.5 K, as the T g onset determined by scanning at 20 K / min ͑after cooling at the same rate͒. As the cooling rate Q approaches the refer-ence value Q s , H tends towards H s and T f towards T f s , while the ratio ⌬H
* is exclusively determined by the properties involved in the reference glass transition points:
Because the above ratio ⌬H * is an energy-related term, a direct link to other measurable thermodynamic enthalpies is anticipated. Using the enthalpy of fusion ⌬H m and enthalpy of vaporization ⌬H v as trials, it turns out that the ⌬H m far better correlated with T g ⌬C p ͑T g ͒ / m than ⌬H v . Other correlations between the glass transition properties and the enthalpy of fusion have been explored. 18 Based on a large body of reliable experimental data the quantitative relation ⌬H m =56⌬H * is found. Although Eq. ͑1͒ has been established empirically, the majority of data follow the predicted trend very accurately. The deviant points are the ones labeled 33, 37, 41, and 42 in Fig. 1 . They correspond to selenium ͑Se͒, toluene, triphenylphosphite ͑TPP͒, and decalin ͓decahydronaphthalene ͑DHN͔͒. With respect to these four cases, we make the following relevant observations. Decalin has an extremely high fragility for a molecular system, m Ϸ 146, 12, 19 but its F 1/2 value is close to that of o-terphenyl ͑OTP͒ which has a lower fragility, m = 81. Figure  1 shows that o-terphenyl ͑31͒ obeys the rule of Eq. ͑2͒ very well. The unusual high fragility of decalin might originate from the typical glass-forming material being a mixture ͑ap-proximately 50/ 50͒ of cis and trans isomers. 20 The pure cisdecalin appears to have an intermediate fragility around m = 60-70 based on the dielectric activation energy of the ␣ process at low temperatures of 141-146 K near its glass transition at 135 K. 21 TPP is now known to show a transformation, near T g , from the liquid to the so-called glacial phase, [22] [23] [24] and this is likely to generate such an anomaly. The fragility of Se determined at T g is quite high m = 87, while its F 1/2 value of 0.54 is very atypical for a fragile liquid. 5 The anomaly is associated with the onset of a ringchain equilibrium near T g which, by introducing a new and cooperative way of losing entropy, increases the m fragility but not the T 1/2 value. Therefore, it is not surprising that these liquids do not follow the relation of Eq. ͑2͒.
The high fragility of toluene is exceptional in its family since other alkyl-benzenes have significantly lower fragilities, m between 50 and 70. 25 Note that the other physical properties of toluene do not show any anomaly compared with those of these derivatives.
The sources of error in Fig. 1 originate mainly from uncertainties in determining the steepness index m and the heat capacity step ⌬C p at T g . It is well known that various experiments such as viscosity, thermal, mechanical, and dielectric relaxations, and optical and nuclear magnetic resonance techniques lead to somewhat different values of fragility, an effect which becomes more pronounced for high fragility liquids ͑see the fragility data compilation in Refs. 3, 9, 10, 12, 26, and 27͒. The present data reflect mean values whenever multiple reliable results were available. Calorimetry results depend on the thermal history of the glasses, and for rapidly quenched glasses ⌬C p ͑T g ͒ will show larger values.
28

III. DISCUSSION
To interpret our findings and relate them to Kauzmann's original observations, 29 we invoke the well-known empirical relation between melting point and glass temperature ͑T g / T m =2/3͒, but make the following cautionary observation. The "2 / 3 rule" is an empirical and approximate relation which can be understood as a consequence of the relation between the minimum crystallization time ͑the nose of the time-transformation-temperature curve͒ and the proximity of the melting point to the glass temperature. 30 Exceptions to the 2 / 3 rule exist, but these belong to the extremes of exceptionally good and exceptionally bad glass formers. As long as the glasses considered are those that vitrify on normal cooling rates ͑do not require hyperquenching or small sample techniques to obtain them͒, then the T g / T m rule applies well, as shown in the Fig. 2 inset.
The line through the points has a slope of 1.45, close to the value of 1.5 expected from the 2 / 3 law. As observed by Lubchenko and Wolynes in their development of the RFOT theory, 16 combination of this T m / T g relation with Eq. ͑2͒ immediately yields
which is demonstrated in Fig. 2 , where the dashed line reflects the slope of 1 / 40. As in Eq. ͑2͒, this alternative description of fragility in terms of thermodynamic variables uses the glass-to-liquid heat capacity step ⌬C p ͑T g ͒. One might wonder why in Eq. ͑3͒ one variable, ⌬S m , relates to the crystal state, while all others do not. It has been pointed out that the volume density of the effective moving units in liquids might be extracted from the fusion entropy, and hence using the ratio of ⌬C p ͑T g ͒ / ⌬S m in order to get a universal measure of the liquid configurational entropy. 16 If the excess heat capacity ⌬C p
͑T g ͒ were used instead of ⌬C p ͑T g ͒, the numerical factor would increase from 
TABLE I. Dynamic and thermodynamic parameters of the 54 glass formers of this study. T g is the onset glass transition temperature from heat capacity measurements, ⌬C p ͑T g ͒ and ⌬C p ex ͑T g ͒ are the heat capacity differences of supercooled liquids relative to the glassy and crystalline state at T g , respectively, m meas is the fragility based on a relaxation time at 100 s or a viscosity at 10 13 P, and ⌬H m and ⌬S m are the enthalpy and entropy of fusion, respectively. The thermodynamic data of polyols and sugars are quite divergent. The entries chosen for use here are based on their proximity to the averages. The value is not reliable since there is no low-temperature viscosity or relaxation time data. Our latest dielectric relaxation measurement gives m =65 and
Materials
T g ͑K͒
The value is re-calculated at T g = T͑ =100 s͒ based on original temperature dependence of relaxation time of n-butene.
g PMS is 1,3-diphenyl-1,1,3,3-tetramethyldisiloxane.
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Fragility of nonpolymeric liquids J. Chem. Phys. 125, 074505 ͑2006͒ 40 to 43, but the quality of the correlation would remain unchanged. Therefore, using ⌬C p ͑T g ͒ vs ⌬C p ex ͑T g ͒ does not affect our present discussion, and we will exploit the equivalence further below. The correlation coefficient of the solid symbols in Fig. 2 is R = 0.94 ͑much higher than R = 0.22 for the correlation between m and T g ͒, and ⌬C p ͑T g ͒ / ⌬S m thus predicts m with a standard error of only 7.
It is necessary to discuss the physical meaning of the term ⌬C p ͑T g ͒ / ⌬S m in Eq. ͑3͒. Although mentioned previously, 31 this term has not yet been associated with dynamics, fragility, and related concepts. In Kauzmann's paper, 29 the scaled excess entropies of glasses and liquids are plotted as a function of the reduced temperatures, i.e., ⌬S͑T͒ / ⌬S m vs T / T m . This plot can be viewed as the thermodynamic equivalent of the kinetic fragility plot. 32 Now, we will show that Eq. ͑3͒ quantitatively correlates the thermodynamic and kinetic fragilities. The slope of the ⌬S͑T͒ / ⌬S m vs T / T m plot at the glass transition T g in the supercooled liquid region ͑not in the glass͒ can be derived as
It follows that the term The consequence of Eqs. ͑2͒ and ͑3͒ regarding the kinetic versus thermodynamic manifestations of fragility is shown in Fig. 3 , where the inset refers to ⌬C p ͑T g ͒ / ⌬S m instead of ⌬C p ͑T g ͒. The example curves of this graph are based on a Vogel-Fulcher-Tammann ͑VFT͒ temperature dependence with a given fragility m and the fragility-plot constraints ͑T → ϱ͒ =10 −14 s and ͑T g ͒ = 100 s:
with m min = 16. The inset of Fig. 3 emphasizes the correlation between the scaled temperature dependence of relaxation times, ͑T g / T͒, and the thermodynamic quantity, ⌬C p ͑T͒ / ⌬S m near T g . This is an improved plot of thermodynamic and kinetic manifestations of fragility over the original version presented in Ref. 1.
A. Upper bound for fragility of liquids
We will now discuss an interesting implication of Eq. ͑2͒. Since at the ideal glass transition temperature or Kauzmann temperature T K , the excess entropy vanishes, the entropy of fusion can be written as
where
͑T͒ is the excess heat capacity of the liquid relative to its crystalline counterpart. For a number of glass-forming liquids, ⌬C p ex ͑T͒ is observed to follow
quite well, where k is a material-specific constant and 0 ഛ n ഛ 2. In many organic small molecule systems ͑especially the low T g systems͒, ⌬C p ex ͑T͒ was found to follow a k / T temperature dependence, i.e., n = 1 in Eq. ͑7͒. [33] [34] [35] Other cases with n = 0 and n = 2 are found to be more accurate in describing the excess heat capacities for some glass formers. The former case ͑n =0͒ is valid for many strong inorganic liquids such as GeO 2 and As 2 Se 3 and moderately strong organic liquids such as glycerol. 12, 36, 37 The latter case ͑n =2͒, although unusual, has been associated with some metallic systems. 38, 39 The n = 2 case also applies to the heat capacity of the random energy model at constant volume, 40 but we emphasize that our discussion will not apply to the fragility of liquids under constant volume conditions.
The combination of Eqs. ͑6͒ and ͑7͒ will be able to predict an upper limit for the fragility of liquids, but the result depends on the choice of function ͑n =0, 1, or 2͒ for describing the excess heat capacity of liquids. In this study, most of our liquids belong to the category of organic small molecules. Therefore, we will use the n = 1 case of Eq. ͑7͒ to demonstrate the derivation process, and then compare the result with the other two cases, n = 0 and n = 2. Using
After inserting the result for the constant k this leads to
where the inequality is based on ⌬C p ͑T g ͒ ഛ⌬C p ex ͑T g ͒. The above inequality of Eq. ͑8͒ bears another interesting relation if combined with the near trivial requirement that T g Ͼ T K . Combining this into the first part of Eq. ͑8͒ yields When we assume ⌬C p ex ͑T͒ = k ͑n =0͒ and ⌬C p ex ͑T͒ = k / T 2 ͑n =2͒, the upper bound of fragility is calculated to be m = 96 and m = 192, respectively. It is evident that m = 96 cannot be adopted to be the upper limit of fragility since the n = 0 case applies to strong liquids. For the n = 1 and n =2 modes, it is seen that the bound varies only from m = 170 ͑n =1͒ to m = 192 ͑n =2͒. It turns out that having used an excess heat capacity of the form of ⌬C p ex ͑T͒ = k / T in Eq. ͑7͒ is not very restrictive regarding the present result when compared with n = 2 power laws. However, we note that the n = 2 situation is quite rare, and therefore the m Ͻ 170 can be used to express the upper limit of fragility for a large number of molecular systems.
An earlier study of the correlation of fragility m and stretching ͓Kohlrausch-Williams-Watls ͑KWW͔͒ exponent ␤ KWW revealed a linear relation, m = 250͑±30͒ − 320␤ KWW . This implies an upper limit of fragility of m = 250, 3 which corresponds to a relaxation time distribution of infinite dispersion with ␤ KWW → 0. However, it is unlikely that real liquids are able to approach this extreme case beyond ␤ KWW Ϸ 0.25. For nonpolymeric systems, very low KWW exponents around 0.3 have been reported, while ␤ KWW = 0.25 corresponds to m = 170 on the basis of the above linear m-␤ relation. For the class of nonpolymeric liquids, the highest experimental fragility reported is around 150, 13, 19, 41 consistent with our upper bound. A recent molecular dynamic simulation of a pure monoatomic glass former resulted in a value as high as m Ϸ 200. 42 It is interesting to observe that several alcohols also obey the present correlations of kinetic and thermodynamic fragilities. In the case of monohydroxy compounds, their dominant dielectric relaxation is a Debye-type peak which is not associated with a calorimetric transition, so that Eq. ͑3͒ cannot be applied. However, deriving the kinetic fragility from the true ␣ process restores the correlation with the calorimetric properties. 43, 44 Finally, note that the implication advanced here are not meant to apply to polymers, plastic crystals, or the liquid fragility scenario under constant volume condition. For the polymers, the fragilities, which may be as high as m Ϸ 200 ͑polyetherimide: 214, 45 polyvinyl choloride: 191, 10 and poly͑ethylene terephthalate: 156.
10,46 ͒, are associated with the dynamics of their segmental motion in glass-forming polymers, while thermodynamic data will reflect more global behavior ͑certainly T K T 0 in general͒. For plastic crystals, liquidlike dynamics are observed, but the lack of translational modes results in smaller heat capacity jumps relative to regular liquids. [47] [48] [49] In the case of the fragility under constant volume, the simulation results show that low frequency vibrational modes are stronger at low temperature, and the vibrational entropy of the glasses is highest for the lowest fictive temperature glasses. 50, 51 So, the increase in heat capacity at T g is much lower than that at constant pressure, but much of the decrease is due to the fact that now the vibrational con- 
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Fragility of nonpolymeric liquids J. Chem. Phys. 125, 074505 ͑2006͒ tribution is going in the opposite direction, which leads to the excess heat capacity being smaller than the configurational one, C v ex ͑T͒ Ͻ C v conf ͑T͒. 52 Therefore, the implication suggested in this paper will not apply to theoretical liquids.
IV. CONCLUSIONS
Through a simple equation, the kinetic fragility m of nonpolymeric liquids is correlated to thermodynamic properties involved at glass transition process. It is an empirical expression based on a large body of experimental data; however, a recent theoretical study has regenerated a similar expression with the constant 56 in Eq. ͑2͒ replaced by 52. Our results justify viewing the quantity m t = ⌬C p ͑T g ͒ / ⌬S m as a thermodynamic gauge for fragility, where m =40m t correlated kinetic and thermodynamic fragilities accurately for over 50 nonpolymeric glass-forming materials, which cover a wide range of chemical compositions. The findings also imply that Kauzmann's plot of ⌬S͑T͒ / ⌬S m vs T / T m displays slopes which vary systematically with fragility m. An important implication is also derived: for a large class of glassforming liquids, fragility is bound to an upper limit of m max Ϸ 170, while excess heat capacities that differ from a k / T behavior and atypicial T g / T m ratios will modify the numerical result.
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